Chapter S5

ELECTRIC FIELDS IN
MATERIAL SPACE

The 12 Principles of character: (1) Honesty, (2) Understanding, (3) Compassion,
(4) Appreciation, (5) Patience, (6) Discipline, (7) Fortitude, (8) Perseverance,
(9) Humor, (10) Humility, (11) Generosity, (12) Respect.

—KATHRYN B. JOHNSON

5.1 INTRODUCTION

In the last chapter, we considered electrostatic fields in free space or a space that has no
materials in it. Thus what we have developed so far under electrostatics may be regarded
as the “vacuum” field theory. By the same token, what we shall develop in this chapter may
be regarded as the theory of electric phenomena in material space. As will soon be evident,
most of the formulas derived in Chapter 4 are still applicable, though some may require
modification.
Just as electric fields can exist in free space, they can exist in material media. Materi-
als are broadly classified in terms of their electrical properties as conductors and noncon-
ductors. Nonconducting materials are usually referred to as insulators or dielectrics. A
. brief discussion of the electrical properties of materials in general will be given to provide
T a basis for understanding the concepts of conduction, electric current, and polarization.
Further discussion will be on some properties of dielectric materials such as susceptibility,
permittivity, linearity, isotropy, homogeneity, dielectric strength, and relaxation time. The
concept of boundary conditions for electric fields existing in two different media wiil be
introduced.

.2 PROPERTIES OF MATERIALS

In a text of this kind, a discussion on electrical properties of materials may seem out of
place. But questions such as why an electron does not leave a conductor surface, why a
current-carrying wire remains uncharged, why materials behave differently in an electric
field, and why waves travel with less speed in conductors than in dielectrics are easily an-
swered by considering the electrical properties of materials. A thorough discussion on this
subject is usually found in texts on physical electronics or electrical engineering. Here, a
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brief discussion will suffice to help us understand the mechanism by which materials influ-
ence an electric field.

In a broad sense, materials may be classified in terms of their conductivity o, in mhos
per meter (0/m) or siemens per meter (S/m), as conductors and nonconductors, or techni-
cally as metals and insulators (or dielectrics). The conductivity of a material usually
depends on temperature and frequency. A material with high conductivity (¢ > 1) is re-
ferred to as a metal whereas one with low conductivity (6 << 1) is referred to as an insu-
lator. A material whose conductivity lies somewhere between those of metals and insula-
tors is called a semiconductor. The values of conductivity of some common materials as
shown in Table B.1 in Appendix B. From this table, it is clear that materials such as copper
and aluminum are metals, silicon and germanium are semiconductors, and glass and
rubber are insulators.

The conductivity of metals generally increases with decrease in temperature. At tem-
peratures near absolute zero (T = 0°K), some conductors exhibit infinite conductivity and
are called superconductors. Lead and aluminum are typical examples of such metals. The
conductivity of lead at 4°K is of the order of 10*° mhos/m. The interested reader is referred
to the literature on superconductivity.1

We shall only be concerned with metals and insulators in this text. Microscopically,
the major difference between a metal and an insulator lies in the amount of electrons avail-
able for conduction of current. Dielectric materials have few electrons available for con-
duction of current in contrast to metals, which have an abundance of free electrons. Further
discussion on the presence of conductors and dielectrics in an electric field will be given in
subsequent sections.

5.3 CONVECTION AND CONDUCTION CURRENTS

Electric voltage (or potential difference) and current are two fundamental quantities in

electrical engineering. We considered potential in the last chapter. Before examining how

. electric field behaves in a conductor or dielectric, it is appropriate to consider electric
current. Electric current is generally caused by the motion of electric charges.

That is,

aQ
I1=— 5.1

i G.D
Thus in a current of one ampere, charge is being transferred at a rate of one columb per
second.

"The August 1989 issue of the Proceedings of IEEE was devoted to “Applications of Superconduc-
tivity.”
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We now introduce the concept of current density J. If current Al flows through a
surface AS, the current density is

, A
" AS
or
Al = J,AS (5.2)

assuming that the current density is perpendicular to the surface. If the current density is
not normal to the surface,

Al =]J-AS (5.3)

Thus, the total current flowing through a surface S is
I= J J-dS 54)
S

Depending on how [ is produced, there are different kinds of current densities: convection
current density, conduction current density, and displacement current density. We will con-
sider convection and conduction current densities here; displacement current density will
be considered in Chapter 9. What we need to keep in mind is that eq. (5.4) applies to any
kind of current density. Compared with the general definition of flux in eq. (3.13), eq. (5.4)
shows that the current / through S is merely the flux of the current density J.

Convection current, as distinct from conduction current, does not involve conductors
and consequently does not satisfy Ohm’s law. It occurs when current flows through an in-
sulating medium such as liquid, rarefied gas, or a vacuum. A beam of electrons in a vacuum
tube, for example, is a convection current.

Consider a filament of Figure 5.1. If there is a flow of charge, of density p,, at velocity
u = a,a,, from eq. (5.1), the current through the filament is

AQ A¢
= —— = A —_— = A .
Al AP S Ar p, ASu, (5.5)

Figure 5.1 Current in a filament.
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The y-directed current density J, is given by

Al
J—_

y = AS = pvuy (56)

Hence, in general

J = (6.7

The current [ is the convection current and J is the convection current density in
amperes/square meter (A/m°).

Conduction current requires a conductor. A conductor is characterized by a large
amount of free electrons that provide conduction current due an impressed electric field.
When an electric field E is applied, the force on an electron with charge —e is

F = —¢E (5.8)

Since the electron is not in free space, it will not be accelerated under the influence of the
electric field. Rather, it suffers constant collision with the atomic lattice and drifts from one
atom to another. If the electron with mass m is moving in an electric field E with an
average drift velocity u, according to Newton’s law, the average change in momentum of
the free electron must match the applied force. Thus,

mu
— = —¢E
T

or

u=-Zg (5.9)
m -

where 7 is the average time interval between collisions. This indicates that the drift veloc-
ity of the electron is directly proportional to the applied field. If there are n electrons per
unit volume, the electronic charge density is given by

p, = —ne (5.10)

Thus the conduction current density is

or

J=oF (5.11)

where o = ne’r/m is the conductivity of the conductor. As mentioned earlier, the values of
o for common materials are provided in Table B.1 in Appendix B. The relationship in
eq. (5.11) is known as the point form of Ohm’s law.
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5.4 CONDUCTORS

A conductor has abundance of charge that is free to move. Consider an isolated conductor,
such as shown in Figure 5.2(a). When an external electric field E, is applied, the positive
free charges are pushed along the same direction as the applied field, while the negative
free charges move in the opposite direction. This charge migration takes place very
quickly. The free charges do two things. First, they accumulate on the surface of the con-
ductor and form an induced surface charge. Second, the induced charges set up an internal
induced field E,, which cancels the externally applied field E,. The result is illustrated in
Figure 5.2(b). This leads to an important property of a conductor:

A conductor is called an equipotential body, implying that the potential is the same every-
where in the conductor. This is based on the fact that E = —VV = (.

Another way of looking at this is to consider Ohm’s law, J = oE. To maintain a finite
current density J, in a perfect conductor (¢ — ), requires that the electric field inside the
conductor must vanish. In other words, E — 0 because ¢ — = in a perfect conductor. If
some charges are introduced in the interior of such a conductor, the charges will move to
the surface and redistribute themselves quickly in such a manner that the field inside the
conductor vanishes. According to Gauss’s law, if E = 0, the charge density p, must be
zero. We conclude again that a perfect conductor cannot contain an electrostatic field
within it. Under static conditions, -

E=0, py =0, Vi =0 inside a conductor (5.12)
- +
»E, e B +p———»E,
- +
E; - +
- +
- py=0 +
> E, —_— L »E,
- +
E, - +
- — + E=0
- +
> E, ] +——E,

(a) b

Figure 5.2 (a) An isolated conductor under the influence of an applied field; (b) a conductor has
zero electric field under static conditions.




166 @ Electric Fields in Material Space

We now consider a conductor whose ends are maintained at a potential difference V,
as shown in Figure 5.3. Note that in this case, E # 0 inside the conductor, as in Figure 5.2.
What is the difference? There is no static equilibrivm in Figure 5.3 since the conductor is
not isolated but wired to a source of electromotive force, which compels the free charges to
move and prevents the eventual establishment of electrostatic equilibrium. Thus in the case
of Figure 5.3, an electric field must exist inside the conductor to sustain the flow of current.
As the electrons move, they encounter some damping forces called resistance. Based on
Ohm’s law in eq. (5.11), we will derive the resistance of the conducting material. Suppose
the conductor has a uniform cross section S and is of length €. The direction of the electric
field E produced is the same as the direction of the flow of positive charges or current 1.
This direction is opposite to the direction of the flow of electrons. The electric field applied
is uniform and its magnitude is given by

\%4
E=— 5.13
¢ (5.13)
Since the conductor has a uniform cross section,
I
J== 5.14
S (5.14)
Substituting egs. (5.11) and (5.13) into eq. (5.14) gives
I _g=2 (5.15)
—=gF = — .
S £
Hence
\%4 ¢ *
R = — = —
I oS
or
ol
R = .
G (5.16)

Figure 5.3 A conductor of uniform cross section
under an applied E field.







