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Chapter 4

ELECTROSTATIC FIELDS

Take risks: if you win, you will be happy; if you lose you will be wise.
—PETER KREEFT

4.1 INTRODUCTION

Having mastered some essential mathematical tools needed for this course, we are now
prepared to study the basic concepts of EM. We shall begin with those fundamental con-
cepts that are applicable to static (or time-invariant) electric fields in free space (or
vacuum). An electrostatic field is produced by a static charge distribution. A typical
example of such a field is found in a cathode-ray tube.

Before we commence our study of electrostatics, it might be helpful to examine briefly
the importance of such a study. Electrostatics is a fascinating subject that has grown up in
diverse areas of application. Electric power transmission, X-ray machines, and lightning
protection are associated with strong electric fields and will require a knowledge of elec-
trostatics to understand and design suitable equipment. The devices used in solid-state
electronics are based on electrostatics. These include resistors, capacitors, and active
devices such as bipolar and field effect transistors, which are based on control of electron
motion by electrostatic fields. Almost all computer peripheral devices, with the exception
of magnetic memory, are based on electrostatic fields. Touch pads, capacitance keyboards,
cathode-ray tubes, liquid crystal displays, and electrostatic printers are typical examples.
In medical work, diagnosis is often carried out with the aid of electrostatics, as incorpo-
rated in electrocardiograms, electroencephalograms, and other recordings of organs with
electrical activity including eyes, ears, and stomachs. In industry, electrostatics is applied
in a variety of forms such as paint spraying, electrodeposition, electrochemical machining,
and separation of fine particles. Electrostatics is used in agriculture to sort seeds, direct
sprays to plants, measure the moisture content of crops, spin cotton, and speed baking of
bread and smoking of meat."

'For various applications of electrostatics, see J. M. Crowley, Fundamentals of Applied Electrostat-
ics. New York: John Wiley & Sons, 1986; A. D. Moore, ed., Electrostatics and Its Applications. New
York: John Wiley & Sons, 1973; and C. E. Jowett, Electrostatics in the Electronics Environment.
New York: John Wiley & Sons, 1976.

2An interesting story on the magic of electrostatics is found in B. Bolton, Electromagnetism and Its
Applications. London: Van Nostrand, 1980, p. 2.
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We begin our study of electrostatics by investigating the two fundamental laws gov-
erning electrostatic fields: (1) Coulomb’s law, and (2) Gauss’s law. Both of these laws are
based on experimental studies and they are interdependent. Although Coulomb’s law is ap-
plicable in finding the electric field due to any charge configuration, it is easier to use
Gauss’s law when charge distribution is symmetrical. Based on Coulomb’s law, the
concept of electric field intensity will be introduced and applied to cases involving point,
line, surface, and volume charges. Special problems that can be solved with much effort
using Coulomb’s law will be solved with ease by applying Gauss’s law. Throughout our
discussion in this chapter, we will assume that the electric field is in a vacuum or free
space. Electric field in material space will be covered in the next chapter.

4.2 COULOMB’S LAW AND FIELD INTENSITY

Coulomb’s law is an experimental law formulated in 1785 by the French colonel, Charles
Augustin de Coulomb. It deals with the force a point charge exerts on another point charge.
By a point charge we mean a charge that is located on a body whose dimensions are much
smaller than other relevant dimensions. For example, a collection of electric charges on a
pinhead may be regarded as a point charge. Charges are generally measured in coulombs
(C). One coulomb is approximately equivalent to 6 X 10'® electrons; it is a very large unit
of charge because one electron charge e = —1.6019 X 107" C.

Expressed mathematically,

_ k0.0,

F 72

4.1

where k is the proportionality constant. In SI units, charges @, and Q, are in coulombs (C),
the distance R is in meters (m), and the force F is in newtons (N) so that k = 1/47xe,. The
constant &, is known as the permittivity of free space (in farads per meter) and has the value

_ 1 107°
g, = 8854 X 10 == —3—67F/m
4.2)
ork = = 9 X 10° m/F
4me,

3Further details of experimental verification of Coulomb’s law can be found in W. F. Magie, A Source
Book in Physics. Cambridge: Harvard Univ. Press, 1963, pp. 408—420.
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Thus eq. (4.1) becomes

- 4%3?1;2 *3

If point charges Q; and Q, are located at points having position vectors r; and r,, then
the force Fy, on Q, due to 0, shown in Figure 4.1, is given by

0,0
F,, = a 4.4
12 471'80R2 'R ( )
where
Rp=r—r1 (4.52)
R
ag,, = f (4.5¢)
By substituting eq. (4.5) into eq. (4.4), we may write eq. (4.4) as
Fi, = Q1Q23 R., (4.63)
4we R
or
Fp, = 0.0, (r; — 1'13)’ (4.6b)
47eg|r, — 1y
It is worthwhile to note that
1. As shown in Figure 4.1, the force F,, on Q, due to Q, is given by
F = |F12|3R21 = |F12|(_3R12)
or
F, = -Fy, @7
since

aR21 = —aRIZ

Figure 4.1 Coulomb vector force on point
changes Q; and Q,.

Origin
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oo+ - - + — Figure 4.2 (a), (b) Like charges repel;
(c) unlike charges attract.

(a) (b) (c)

2. Like charges (charges of the same sign) repel each other while unlike charges
attract. This is illustrated in Figure 4.2.

3. The distance R between the charged bodies Q, and @, must be large compared with
the linear dimensions of the bodies; that is, Q; and @, must be point charges.

4, @, and O, must be static (at rest).

5. The signs of Q; and Q, must be taken into account in eq. (4.4).

If we have more than two point charges, we can use the principle of superposition to
determine the force on a particular charge. The principle states that if there are N charges

01, @y, . . ., Qylocated, respectively, at points with position vectors ry, I, . . ., Iy, the
resultant force F on a charge Q located at point r is the vector sum of the forces exerted on
Q by each of the charges O, 05, . . ., Qn. Hence:
po 20 —r)  OO0r-—r) QOMr — 1,)
= 3 + 3 o e . J’_ _73
dg,|r — 1y 47g,|r — 1y 4dqe,r — 1y
or
N
r—r
po 2§ Qr-w “s)
47['80 k=1 |]‘ — rk|

We can now introduce the concept of electric field intensity.

Thus
F
E = lim — 4,
i @9
or simply
F
E=— 4.10
0 (4.10)

The electric field intensity E is obviously in the direction of the force F and is measured in
newtons/coulomb or volts/meter. The electric field intensity at point r due to a point charge
located at r’ is readily obtained from egs. (4.6) and (4.10) as

Q _ 0 — 1)

 dre R 4re,lr — r'|?

(4.11)




EXAMPLE 4.1
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For N point charges Q;, 0,, . . ., Qylocated at T}, 3, . . ., I'y, the electric field in-
tensity at point r is obtained from egs. (4.8) and (4.10) as
Oir — 1y O(r — 1)y On(r — 1ry)
- 3t sttt 3
47e|r — 1| 47e,|r — 1y dre,r — ryl

or

I SO — 1)

= 4.12
47['80 k=1 ’l' - rk|3 ( )

Point charges 1 mC and —2 mC are located at (3, 2, —1) and (—1, —1, 4), respectively.
Calculate the electric force on a 10-nC charge located at (0, 3, 1) and the electric field in-
tensity at that point.

Solution:

Q0 _ Q0r — 1)
k=12 47('80R2 K k=12 47"80’1. - rk,3

_ 0 {10—3[(0, 3,0 - (3,2, -] 21070, 3, 1)—(—1,—1,4)]}

F =

4rwe, L 10,3, 1) — 3,2, -1 10,3, 1) — (-1, 1,4
_107°-10-107° { (=3.1,2)  2(1,4,-3) }
4 107 Lo+ 14 A 416497
T 36n
L[(=3,1,2) (=2, -8, 6)}
=9-10 2{ +
14V14 2626
F = —6.507a, — 3.817a, + 7.506a, mN
At that point,
F
E=—
[0
1073
= (—6.507, —3.817,7.506) - ————
10-10

E = —650.7a, — 381.7a, + 750.6a, kV/m

PRACTICE EXERCISE 4.1

Point charges 5 nC and ~2 nC are located at (2,0, 4) and (—3; 0, 5), respectively.

(a) Determine the force on a 1-nC point charge located at (1, =3, 7).
(b) Find the electric field Eat (1, —3, 7).

Answer: (a) —1.004a, — 1.284a, + 1.4a,nN,
(b) —1.004a, — 1.284a, +1.4a, V/m.
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Two point charges of equal mass m, charge Q are suspended at a common point by two
threads of negligible mass and length €. Show that at equilibrium the inclination angle o of
each thread to the vertical is given by

EXAMPLE 4.2

Q* = 167 £,mgt? sin® o tan o
If « is very small, show that

N

Q=
16me mgt

Solution:

Consider the system of charges as shown in Figure 4.3 where F, is the electric or coulomb
force, T is the tension in each thread, and mg is the weight of each charge. At A or B

Tsina = F,

Tcosa = mg

Hence,

sna F, 1 0’

Ccos o - —r@ - ;{g_ . 47r£0r2
But

r=2{sin«a

Hence,

Q% cos a = 16me mgl” sin® «
or

Q* = 167e,mgl? sin” o tan o
as required. When « is very small

tana = o = sino

Figure 4.3 Suspended charged particles; for
Example 4.2.




EXAMPLE 4.3
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and so

0? = 16me mgl’e’

_ @
R "
167e mgl

PRACTICE EXERCISE. 4.2

or

Three identical small spheres of mass m are suspended by threads of negligible
masses and equal length ¢ from a common point. A charge Q is divided equally
between the spheres and they come to equilibrium at the corners of a horizontal equi-
lateral triangle whose sides are d. Show that

d2 =142
= IZwsomgd3[€2 - ‘3“J

where. g = acceleration due to gravity.

Answer: Proof.

A practical application of electrostatics is in electrostatic separation of solids. For example,
Florida phosphate ore, consisting of small particles of quartz and phosphate rock, can be
separated into its components by applying a uniform electric field as in Figure 4.4. Assum-
ing zero initial velocity and displacement, determine the separation between the particles
after falling 80 cm. Take E = 500 kV/m and Q/m = 9 uC/kg for both positively and neg-
atively charged particles.

Figure 4.4 Electrostatic separation of solids; for
Example 4.3.

+

Phosphate Quartz
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Solution:

Ignoring the coulombic force between particles, the electrostatic force is acting horizon-
tally while the gravitational force (weight) is acting vertically on the particles. Thus,

2

QE =m %t% a,
or
x_Q
ar* m
Integrating twice gives
x= 2—Qn;Et2 +tot+ o

where ¢; and ¢, are integration constants. Similarly,

dzy
e = m 2
& dr?
or
Ly _
dr? &

Integrating twice, we get
y=—1/2gt> + cst + ¢4
Since the initial displacement is zero,
x(t=0=0—>c¢,=0
Ye=0)=0->c,=0

Also, due to zero initial velocity,

de |
_— et = O
dt o 0"‘)6‘1
dy
—_ = 0 =
dr o —C3 0
Thus
E 1
X = g—t2 y=—= gt2







